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We apply the generalized quasilinearization method of V. Lakshmikantham
  . .Nonlinear Anal. 27 1996 , 223]227 and the extended method of R. N. Mohapa-
 .tra, K. Vajravelu, and Y. Yin J. Optim. Theory Appl., in press to the first order
 . X .  .  .initial value problem IVP for short x t s f t, x , x 0 s x , t g J with wider0
class functions f and obtain rapid convergence of monotone sequences which
converge uniformly to the unique solution of the IVP. Q 1997 Academic Press
1. INTRODUCTION
w xRecently, Mohapatra et al. 12 extended the method of quasilineariza-
tion for first order initial value problems and obtained rapid convergence
of monotone sequences. They offered a unified treatment of this method
in the sense that all previously published papers on the method of
quasilinearization for first order IVPs are now presented under a general
framework. The method of generalized quasilinearization has been ex-
 w x .tended by several authors see 7]11 and the references therein for IVP
X w xx s f t , x , x 0 s x , t g J ' 0, T , 1.1 .  .  .0
 .where the assumption on function f convex or concave is relaxed in
various ways.
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In this paper, we shall combine these two methods and obtain rapid
convergence of monotone sequences under a less restrictive condition on
f. We point out that our theorems contain all previously published results
as special cases and furthermore, offer a unified treatment.
2. PRELIMINARIES
w xOur definitions and notations are consistent with those in 6, 7, 12 . For
completeness, we start with the following definitions and lemmas.
 w x. 1w xDEFINITION 1 see 6 . A function u g C J, R is called a lower
 .solution of 1.1 if
uX F f t , u and u 0 F u . .  . 0
u is called an upper solution if the above inequalities are reversed.
DEFINITION 2. A function g : A ; R ª B ; R is called k-hyperconvex,
kq1w x kq1 kq1k G 1 if g g C A, B and for x g A, d grdx G 0, and g is called
k-hyperconcave if the inequality is reversed.
 w x. 1w xLEMMA 1 see 6, Theorem 1.1.1 . Let ¨ , w g C J, R be lower and
 .upper solutions of 1.1 , respecti¨ ely. Suppose that the one-sided Lipschitz
condition
f t , x y f t , y F L x y y , whene¨er x G y .  .  .
 .  .is satisfied where L ) 0 is a constant. Then ¨ t F w t for t g J.
 w x. 1w xLEMMA 2 see 6, Theorem 1.1.4 . Let ¨ , w g C J, R be lower and
 .  .  .upper solutions of 1.1 , respecti¨ ely, such that ¨ t F w t on J and f g
w x  . < 4C V, R , where V s t, x ¨ F x F w, t g J . Then there exists a solution
 .  .  .  .  .u t of 1.1 such that ¨ t F u t F w t for t g J.
w x X .  .  .  .LEMMA 3. Assume that f, c g C J, R and x t F f t x t q c t on
J. Then
t t t
x t F x 0 exp f s ds q c s exp f s ds ds. .  .  .  .  .H H H /  /0 0 s
Proof. The proof is straightforward.
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3. MAIN RESULTS
We state and prove our main results in this section. In the sequel, we
1w x  .assume that a , b g C J, R are lower and upper solutions of 1.1 ,0 0
respectively, and that a F b on J. Define0 0
Q s t , x a F x F b , t g J . 4 . 0 0
 .  .We will write a , b for a t , b t , respectively, for t g J. In order toi i i i
k . .simplify our notations, we let f t, x denote the k th partial derivative of
5 5  .f with respect to x. Denote by x the maximum norm of x t over J, i.e.,
5 5 <  . <x s max x t .t g J
0, 2 kq1w xTHEOREM 1. Assume that the functions f , f g C Q, R such that
2 kq1. .f and f q f are 2k-hypercon¨ex, k G 1, with respect to x, i.e., f t, x
 .2 kq1. .  .G 0 and f q f t, x G 0 for t, x g Q. Then,
 .  4  4i there exist two monotonic sequences a and b , n G 0, whichn n
 .  .con¨erge uniformly to the unique solution x t of 1.1 ;
 .ii there exist positi¨ e constants C , C such that1 2
5 5 5 5 5 5 5 5 2 kx y a F C x y a q C b y x x y a 3.1 . .nq1 1 n 2 n n
and
5 5 5 5 5 5 5 5 2 kb y x F C x y a q C b y x b y x . 3.2 . .nq1 2 n 1 n n
 .  .  . 2 kq1. .Proof. Let F t, x s f t, x q f t, x . Then F t, x G 0. We de-
fine for k G 1,
2k 1 i i.G t , ¨ ; w , w ' f t , w ¨ y w .  .  .1 2 1 1i!is0
1 2 k2 k . 2 k .q f t , w y f t , w ¨ y w .  .  .1 2 12k ! .
and
2k 1 i i.H t , ¨ ; w , w ' f t , w ¨ y w .  .  .1 2 2 2i!is0
1 2 k2 k . 2 k .q f t , w y f t , w ¨ y w , .  .  .2 1 22k ! .
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where ¨ , w , and w are functions of t for t g J. Let us first consider the1 2
IVPs
2k 1 iX  i.a t s f t , a a y a .  .  .1 0 1 0i!is0
1 2 k2 k . 2 k .q f t , a y f t , b a y a .  .  .0 0 1 02k ! .
' G t , a ; a , b , a 0 s x , t g J 3.3 .  .  .1 0 0 1 0
and
2k 1 iX  i.b t s f t , b b y b .  .  .1 0 1 0i!is0
1 2 k2 k . 2 k .q f t , b y f t , a b y b .  .  .0 0 1 02k ! .
' H t , b ; a , b , b 0 s x , t g J . 3.4 .  .  .1 0 0 1 0
 .  .We shall show that there exist a unique solution a t of 3.3 and a1
 .  .unique solution b t of 3.4 such that a F a F b F b on J. It is1 0 1 1 0
clear that
a X F f t , a ' G t , a ; a , b and a 0 F x . .  .  .0 0 0 0 0 0 0
On the other hand,
G t , b ; a , b .0 0 0
2k 1 i i.s f t , a b y a .  . 0 0 0i!is0
1 2 k2 k . 2 k .q f t , a y f t , b b y a .  .  .0 0 0 02k ! .
1
2 k . 2 k .s f t , b q f t , a q f t , a .  .  .0 0 02k ! .
2 k2 k . 2 k .yf t , j y f t , b b y a .  .  .40 0 0
1 2 k2 k . 2 k .F f t , b q F t , a y F t , j b y a .  .  .  . 40 0 0 02k ! .
F f t , b , .0
where a - j - b , which implies0 0
b X G G t , b ; a , b and b 0 G x . .  .0 0 0 0 0 0
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 .  .By Lemmas 1 and 2, there exists a unique solution a t of 3.3 such that1
a F a F b on J. Since0 1 0
H t , a ; a , b .0 0 0
2k 1 i i.s f t , b a y b .  . 0 0 0i!is0
1 2 k2 k . 2 k .q f t , b y f t , a a y b .  .  .0 0 0 02k ! .
1
2 k . 2 k .s f t , a q f t , b q f t , b .  .  .0 0 02k ! .
2 k2 k . 2 k .yf t , j y f t , a a y b .  .  .40 0 0
1 2 k2 k . 2 k .G f t , a q F t , b y F t , j a y b .  .  .  . 40 0 0 02k ! .
G f t , a , .0
where a - j - b , we get0 0
a X F H t , a ; a , b and a 0 F x . .  .0 0 0 0 0 0
It is also clear that
b X G f t , b ' H t , b ; a , b and b 0 G x . .  .  .0 0 0 0 0 0 0
By Lemmas 1 and 2, there exists a unique solution b such that a F b1 0 1
F b on J. It remains to show that a F b on J. Since0 1 1
2k 1 iX  i.a t s f t , a a y a .  .  .1 0 1 0i!is0
1 2 k2 k . 2 k .q f t , a y f t , b a y a .  .  .0 0 1 02k ! .
1 2 kq12 kq1.s f t , a y f t , j a y a .  .  .1 1 1 02k q 1 ! .
1 2 k2 k . 2 k .q f t , a y f t , b a y a .  .  .0 0 1 02k ! .
F f t , a , .1
where a - j - a , we get0 1 2
a X F f t , a , a 0 s x on J . .  .1 1 1 0
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Similarly, we have
b X G f t , b , b 0 s x on J . .  .1 1 1 0
Hence, a F b on J. Now assume that a is the unique solution of1 1 n
a X t s G t , a ; a , b , a 0 s x .  .  .n n ny1 ny1 n 0
and b the unique one ofn
b X t s H t , b ; a , b , b 0 s x , .  .  .n n ny1 ny1 n 0
which satisfy a F a F b F b on J. It is easy to check thatny1 n n ny1
a X F f t , a , a 0 s x on J . 3.5 .  .  .n n n 0
and
b X G f t , b , b 0 s x on J . 3.6 .  .  .n n n 0
We shall show that a F a F b F b on J, where a is then nq1 nq1 n nq1
unique solution of
a X t s G t , a ; a , b , a 0 s x 3.7 .  .  .  .nq1 nq1 n n nq1 0
and b the unique one ofnq1
b X t s H t , b ; a , b , b 0 s x . 3.8 .  .  .  .nq1 nq1 n n nq1 0
 .We obtain, from 3.5 ,
a X F f t , a ' G t , a ; a , b , a 0 s x on J .  .  .n n n n n n 0
 .and from 3.7 ,
G t , b ; a , b .n n n
2k 1 i i.s f t , a b y a .  . n n ni!is0
1 2 k2 k . 2 k .q f t , a y f t , b b y a .  .  .n n n n2k ! .
1
2 k . 2 k .s f t , b q f t , a q f t , a .  .  .n n n2k ! .
2 k2 k . 2 k .yf t , j y f t , b b y a .  .  .4n n n
1 2 k2 k . 2 k .F f t , b q F t , a y F t , j b y a .  .  .  . 4n n n n2k ! .
F f t , b , .n
 .where a - j - b , which together with 3.6 impliesn n
b X G G t , b ; a , b , b 0 s x on J . .  .n n n n n 0
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 .  .Therefore, there exists a unique solution a t of 3.7 such thatnq1
 .  .a F a F b on J. Similarly, a unique solution b t of 3.8 existsn nq1 n nq1
such that a F b F b on J. To show a F b , we observe thatn nq1 n nq1 nq1
a X t s G t , a ; a , b .  .nq1 nq1 n n
2k 1 i i.s f t , a a y a .  . n nq1 ni!is0
1 2 k2 k . 2 k .q f t , a y f t , b a y a .  .  .n n nq1 n2k ! .
1 2 kq12 kq1.s f t , a y f t , j a y a .  .  .nq1 1 nq1 n2k q 1 ! .
1 2 k2 k . 2 k .q f t , a y f t , b a y a .  .  .n n nq1 n2k ! .
F f t , a , .nq1
where a - j - a . Therefore,n 1 nq1
a X F f t , a , a 0 s x on J . .  .nq1 nq1 nq1 0
On the other hand,
b t s H t , b ; a , b .  .nq1 nq1 n n
2k 1 i i.s f t , b b y b .  . n nq1 ni!is0
1 2 k2 k . 2 k .q f t , b y f t , a b y b .  .  .n n nq1 n2k ! .
1 2 kq12 kq1.s f t , b y f t , j b y b .  .  .nq1 2 nq1 n2k q 1 ! .
1 2 k2 k . 2 k .q f t , b y f t , a b y b .  .  .n n nq1 n2k ! .
G f t , b , .nq1
where b ) j ) b . Hence,n 2 nq1
b X G f t , b , b 0 s x on J . .  .nq1 nq1 nq1 0
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Therefore, a F b on J by Lemma 1. By induction, we concludenq1 nq1
 4  4that there exist two monotonic sequences a and b which satisfyn n
a F a F ??? F a F b F ??? F b F b on J .0 1 n n 1 0
 w x.  4  4By standard arguments see 6 , it can be shown that a and bn n
 .converge uniformly to the unique solution of 1.1 .
 .  .  .  .  .  .  .To prove 3.1 and 3.2 , we let p t s x t y a t and q t s b t yn n n n
 .x t for t g J. Notice that p G 0 and q G 0 on J. Then, we haven n
pX s xX y a X s f t , x y G t , a ; a , b .  .nq1 nq1 nq1 n n
1 2 k2 k .s f t , x y f t , a y f t , j a y a .  .  .  .nq1 nq1 n 2k ! .
1 2 k2 k .q f t , a a y a .  .n nq1 n2k ! .
1 2 k2 k . 2 k .q f t , a y f t , b a y a .  .  .n n nq1 n 52k ! .
1
2 k . 2 k .s f t , h x y a q F t , j y F t , a .  .  .  . 4x nq1 n2k ! .
12 k 2 k . 2 k .= a y a q f t , b yf t , j .  .  . 4nq1 n n2k ! .
2 k
= a y a .nq1 n
1 2 k2 kq1.s f t , h x y a q F t , j jya a ya .  .  .  .  .x nq1 1 n nq1 n2k ! .
2 k2 kq1.qf t , j b y j a y a .  .  .2 n nq1 n
1 2 kq12 kq1.F f t , h p q F t , j p .  .  .x nq1 1 n2k ! .
2 k2 kq1.qf t , j p q q p , .  .  . 42 n n n
where a - j - a , a - h - x and a - j - j - j - b . Letn nq1 nq1 n 1 2 n
<  . <   . .K , K , K be positive constants such that f t, x F K , 1r 2k !1 2 3 x 1
2 kq1. .   . . 2 kq1. .  .F t, x F K and 1r 2k ! f t, x F K for t, x g Q. Define2 3
5 5 5 5p s max x t y a t and q s max b t y x t . .  .  .  .n n n n
tgJ tgJ
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Then,
2 kXp t F K ? p t q K p q K p q q p , p 0 s 0, .  .  .  .  . .nq1 1 nq1 2 n 3 n n n nq1
which implies
t t2 kp t F K p q K p q q p exp K ds ds .  .  . .H Hnq1 2 n 3 n n n 1 /0 s
K1T 5 5 2 kq1 5 5 5 5 2 kF Te K q K p q K q p . . 42 3 n 3 n n
 . K1T K1TLetting C s K q K Te and C s K Te , we obtain1 2 3 2 3
5 5 5 5 5 5 5 5 2 kp F C p q C q p , .nq1 1 n 2 n n
which is the desired inequality.
A similar argument will lead to the inequality
5 5 5 5 5 5 5 5 2 kq F C q q C p q . .nq1 2 n 1 n n
The proof of Theorem 1 is complete.
0, 2 kw xTHEOREM 2. Assume that the functions f , f g C Q, R such that f
 . 2 k . .and f q f are 2k y 1 -hypercon¨ex, k G 1 with respect to x, i.e., f t, x
 .2 k . .  .G 0 and f q f t, x G 0 for t, x g Q. Then,
 .  4  4i there exist two monotonic sequences a and b , n G 0 whichn n
 .  .con¨erge uniformly to the unique solution x t of 1.1 ;
 .ii there exist positi¨ e constants C , C , and C such that1 2 3
5 5 5 5 5 5 5 5 2 ky1x y a F C x y a q C b y x x y a 3.9 . .nq1 1 n 2 n n
and
5 5 5 5 5 5 5 5 2 ky1b y x F C x y a q C b y x b y x . 3.10 . .nq1 3 n 1 n n
 .  .  . 2 k . .Proof. Let F t, x s f t, x q f t, x . Then F t, x G 0. We define
for k G 1,
2ky1 1 i i.G t , ¨ ; w , w ' f t , w ¨ y w .  .  .1 2 1 1i!is0
1
2 ky1. 2 ky1.q f t , w y f t , w .  .1 22k y 1 ! .
=
2 ky1¨ y w .1
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and
2ky2 1 i i.H t , ¨ ; w , w ' f t , w ¨ y w .  .  .1 2 2 2i!is0
1
2 ky1. 2 ky1.q f t , w q f t , w .  .1 12k y 1 ! .
2 ky12 ky1.yf t , w ¨ y w , .  .2 2
where ¨ , w , and w are functions of t for t g J. We consider the following1 2
IVPs: for t g J,
a X t s G t , a ; a , b , a 0 s x 3.11 .  .  .  .n n ny1 ny1 n 0
and
b X t s H t , b ; a , b , b 0 s x , 3.12 .  .  .  .n n ny1 ny1 n 0
for n s 1, 2, . . . . A similar argument as in Theorem 1 can be employed to
 4  4prove that there exist two monotone sequences a and b which satisfyn n
a F a F ??? F a F b F ??? F b F b on J .0 1 n n 1 0
 w x.  4  4By standard arguments see 6 , it can be shown that a and bn n
 .converge uniformly to the unique solution of 1.1 . For details of the proof,
w xthe readers are referred to 12, Theorem 2 and its counterpart in the
proof of Theorem 1.
 .  .To prove 3.9 and 3.10 , we also use a similar argument as in Theorem
 .  .  .  .  .  .1. Let p t s x t y a t and q t s b t y x t for t g J. Notice thatn n n n
 .p G 0 and q G 0 on J. We calculate q t first. Observe thatn n nq1
qX t s b X t y xX t s H t , b ; a , b y f t , x .  .  .  .  .nq1 nq1 nq1 n n
2ky2 1 i i.s f t , b b y b .  . n nq1 ni!is0
1 2 ky12 ky1.q f t , a b y b .  .n nq1 n2k y 1 ! .
1
2 ky1. 2 ky1.q f t , a y f t , b .  . 4n n2k y 1 ! .
2 ky1
= b y b y f t , x .  .nq1 n
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s f t , b y f t , x .  .nq1
1 2 ky12 ky1. 2 ky1.q f t , j y f t , a b y b .  .  . 4n n nq12k y 1 ! .
1 2 ky12 ky1. 2 ky1.q f t , b yf t , a b yb .  .  . 4n n n nq12ky1 ! .
s f t , h b y x .  .x nq1
1 2 ky12 ky1. 2 ky1.q F t , j y F t , a b y b .  .  . 4n n nq12k y 1 ! .
1 2 ky12 ky1. 2 ky1.q f t , b y f t , j b y b .  .  . 4n n nq12k y 1 ! .
F 2 k . t , j .1 2 ky1s f t , h b y x q b y b j y a .  .  .  .x nq1 n nq1 n2k y 1 ! .
f 2 k . t , j .2 2 ky1q b y b b y j .  .n nq1 n2k y 1 ! .
F f t , h b y x .  .x nq1
2 ky1
b yx .n 2 k . 2 k .q F t , j b ya qf t , j b yx .  .  .  . 41 n n 2 n2ky1 ! .
F f t , h q .x nq1
1 2 ky12 k . 2 k .q F t , j p q q q f t , j q q , .  .  .  . 41 n n 2 n n2k y 1 ! .
where x - h - b , b - j - b and a - j - j - j - b . Sup-nq1 nq1 n n 1 2 n
<  . <pose that K , K , and K are positive constants such that f t, x F K ,1 2 3 x 1
  . . 2 k . .   . . 2 k . .  .1r 2k y 1 ! F t, x F K , and 1r 2k y 1 ! f t, x F K for t, x2 3
g Q. Then,
X 5 5 5 5 5 5 5 5 2 ky1q t F K ? q t q K p q q q K q q , 4 .  .  .nq1 1 nq1 2 n n 3 n n
q 0 s 0, .nq1
which implies
t t2 ky15 5 5 5 5 5 5 5q t F K p q q q K q q exp K ds ds 4 .  .H Hnq1 2 n n 3 n n 1 /0 s
K1T 5 5 5 5 5 5 5 5 2 ky1F Te K p q q q K q q . 4 .2 n n 3 n n
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 . K1T K1TLetting C s K q K Te and C s K Te , we get1 2 3 3 2
5 5 5 5 5 5 5 5 2 ky1q F C p q C q q , .nq1 3 n 1 n n
 .  .which is the desired inequality 3.10 . The proof of inequality 3.9 is
 .almost identical to that of 3.1 and we omit the details.
The following two theorems deal with the cases in which the functions
f q f and f are hyperconcave in x. Since the proofs are very similar to
those of Theorems 1 and 2, we only indicate the IVPs that one needs to
consider in order to construct monotone sequences and omit the rest of
the proofs.
0, 2 kq1w xTHEOREM 3. Assume that the functions f , f g C Q, R such that
2 kq1. .f and f q f are 2k-hyperconca¨ e, k G 1, with respect to x, i.e., f t, x
 .2 kq1. .  .F 0 and f q f t, x F 0 for t, x g Q. Then,
 .  4  4i there exist two monotonic sequences a and b , n G 0 whichn n
 .  .con¨erge uniformly to the unique solution x t of 1.1 ;
 .ii there exist positi¨ e constants C , C , and C such that1 2 3
5 5 5 5 5 5 5 5 2 kx y a F C x y a q C b y x x y a .nq1 1 n 2 n n
and
5 5 5 5 5 5 5 5 2 kb y x F C x y a q C b y x b y x . .nq1 3 n 1 n n
Proof. We consider the following IVPs: for n s 1, 2,???,
2ky1 2 k .1 f t , b .ny1i 2 kX  i.a t s f t , a a ya q a ya .  .  .  .n ny1 n ny1 n ny1i! 2k ! .is0
1 2 k2 k . 2 k .q f t , b y f t , a a y a .  .  .ny1 ny1 n ny12k ! .
and a 0 s x .n 0
and
2ky1 2 k .1 f t , a .ny1i 2 kX  i.b t s f t , b b yb q b yb .  .  .  .n ny1 n ny1 n ny1i! 2k ! .is0
1 2 k2 k . 2 k .q f t , a yf t , b b yb .  .  .ny1 ny1 n ny12k ! .
and b 0 s x . .n 0
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0, 2 kw xTHEOREM 4. Assume that the functions f , f g C Q, R such that f
 .and f q f are 2k y 1 -hyperconca¨ e, k G 1 with respect to x, i.e.,
2 k . .  .2 k . .  .f t, x F 0 and f q f t, x F 0 for t, x g Q. Then,
 .  4  4i there exist two monotonic sequences a and b , n G 0 whichn n
 .  .con¨erge uniformly to the unique solution x t of 1.1 ;
 .ii there exist positi¨ e constants C , C , and C such that1 2 3
5 5 5 5 5 5 5 5 2 ky1x y a F C x y a q C b y x x y a .nq1 1 n 2 n n
and
5 5 5 5 5 5 5 5 2 ky1b y x F C x y a q C b y x b y x . .nq1 3 n 1 n n
Proof. We consider the following IVPs: for n s 1, 2,???,
2ky2 1 iX  i.a t s f t , a a y a .  .  .n ny1 n ny1i!is0
f 2 ky1. t , b .ny1 2 ky1q a y a .n ny12k ! .
1
2 ky1. 2 ky1.q f t , b y f t , a .  .ny1 ny12k y 1 ! .
2 ky1
= a y a and a 0 s x .  .n ny1 n 0
and
2ky1 1 iX  i.b t s f t , b b y b .  .  .n ny1 n ny1i!is0
1
2 ky1. 2 ky1.q f t , a y f t , b .  .ny1 ny12k y 1 ! .
2 ky1
= b y b and b 0 s x . .  .n ny1 n 0
Remark. The method we have employed in Theorems 1 and 2 can also
 .be applied to IVP 1.1 if f admits a decomposition f s f q f and there1 2
kq1w xexist two functions f , f g C R, R such that both f and f q f1 2 1 1 1
are k-hyperconvex in x and both f and f q f are k-hyperconcave in x.2 2 2
w xThe readers are also referred to 7]9 for details.
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